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Abstract
One of the most studied linear preserver problems is the problem of characterizing maps
preserving commutativity. In this paper we study maps preserving commutativity on a Lie
ideal L of a prime algebra A. We show by an example that in general we cannot expect the
same standard conclusion as in the case when L = A. Therefore we confine ourselves to some
special classes of algebras where the usual result can be proved.
© 2003 Elsevier Inc. All rights reserved.
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1. Introduction
Let A be an associative algebra over a field F. For any x, y ∈ A we set [x, y] =
xy − yx. It is well-known that A is a Lie algebra with respect to the Lie product [ , ].
A linear subspace T of A is called a Lie ideal of A if [T ,A] ⊆ T .
Let L be a Lie algebra over a field F. A bijective linear map θ : L→ L is called
a Lie automorphism if θ([x, y]) = [θ(x), θ(y)] for all x, y ∈ L.
A linear map α : L→ L is called commutativity-preserving if [x, y] = 0 implies
[α(x), α(y)] = 0. The assumption of preserving commutativity can be reformulated
as preserving zero Lie products. A natural possibility when a bijective map α pre-
serves commutativity is when
α = λθ + µ, (1)
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where λ ∈ F, θ : L→ L is a Lie automorphism and µ : L→ F is a linear map. For
many algebras this is the only possible case (see [2–4, 10, 12–16, 21, 23–25, 27–35]
and references therein).
In 1976 Watkins [34] initiated the study of commutativity-preserving maps. He
considered the case when L = Mn(F), where F is an algebraically closed field of
characteristic 0 and n  4. After his paper many results have been obtained for alge-
bras which contain matrix units or nontrivial idempotents [13–16, 25, 27, 28, 30–33].
Applying the technique of Functional Identities, Brešar [10] showed that the bijective
maps preserving commutativity are of the form (1) for prime algebras, which do not
satisfy the standard identity of degree 4. Later, his result was extended for one-sided
ideals of prime algebras [4] and semiprime algebras [2].
In 1981 Wong [35] showed (under some mild technical restrictions) that com-
mutativity-preserving maps on Lie ideals of matrix algebras over finite-dimensional
division rings are of the form (1). After papers [2,4,10] the natural question is whether
Wong’s result can be generalized to Lie ideals of prime algebras, or in other words,
how important is that Lie ideals of algebras considered by Wong contained matrix
units. Unlike in the case of associative algebras where the existence of matrix units
do not play any role, we shall see that this is the case of Lie ideals.
In our first result we extend Wong’s theorem to Lie ideals of matrix algebras over
algebraic division rings and in particular we get a new and shorter proof of Wong’s
result. By 1 × 1 matrix ring over a division ring D we mean the division ring D.
Theorem 1. Let D be a division ring algebraic over its center F of characteristic
0. Let R = Mn(D) be the F -algebra of n× n matrices over D, n  1, and let L
be a noncentral Lie ideal of R. Suppose that R does not satisfy St4, the standard
identity of degree 4, and 1 /∈ L. If a bijective linear map α : L→ L preserves com-
mutativity, then α can be presented in the form λϕ, where λ ∈ F, and ϕ is either an
automorphism or an anti-automorphism of R.
An example of a noncommutative, infinite-dimensional, algebraic division ring
can be found in [22, p. 221].
We shall reduce the proof of Theorem 1 to Brešar’s result [10] on commutativity-
preserving maps on prime algebras.
The second goal of the paper is to study maps on Lie ideals of algebras of finite
rank operators.
Theorem 2. Let F be a field of characteristic not 2 and let R be the algebra of
infinite matrices over F with finitely many nonzero entries. Let L be a noncentral
Lie ideal of R. If a bijective linear map α : L→ L preserves commutativity, then α
can be presented in the form λϕ, where λ ∈ F, and ϕ is either an automorphism or
an anti-automorphism of R.
Using the machinery of Functional Identities (see the survey [11] for an introduc-
tory account) we shall reduce this problem to the description of Lie automorphisms
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of Lie ideals of prime algebras [7]. Actually, the description of Lie automorphisms of
Lie ideals of prime algebras was a problem raised by Herstein [18]. This problem was
considered by Howland [20] in case of simple unitary algebras with three nonzero
idempotents and by Miers [26] in case of von Neumann algebras with no central
abelian summands, and recently solved in whole generality by Beidar and Chebotar
[7].
In general, the commutativity-preserving maps on Lie ideals of prime algebras are
not of the form (1). We shall present such example in the Section 3. This example
will be based on the result on centralizers in free algebras due to Bergman [9,17].
2. Lie ideals of matrix algebras
We first recall a known result of Herstein.
Lemma 3 [19,Theorem 1.3]. Let R be a simple ring of characteristic not 2 with
center Z, and let L be a Lie ideal of R. Then either L ⊆ Z or [R,R] ⊆ L.
Proof of Theorem 1. By Lemma 3 we have [R,R] ⊆ L and so 1 /∈ [R,R]. By
[1, Theorem 2.1], we get that dimF R/[R,R]  1. Therefore, R = F ⊕ [R,R] and
L = [R,R].
Define a map β : R → R by the rule β(x + c) = α(x)+ c, for all x ∈ [R,R]
and c ∈ F. By definition β is a bijective additive map. Let y1 = x1 + c1 and y2 =
x2 + c2, where x1, x2 ∈ [R,R] and c1, c2 ∈ F are such that [y1, y2] = 0. We have
that [x1, x2] = 0, and by definition of α we get that [α(x1), α(x2)] = 0. Therefore,
[β(y1), β(y2)] = [β(x1 + c1), β(x2 + c2)] = [α(x1) + c1, α(x2) + c2] = [α(x1),
α(x2)] = 0, that is, β is a commutativity-preserving map.
By [10, Theorem 2], β is of the form β(y) = λϕ(y)+ µ(y) for all y ∈ R, where
λ ∈ F, µ : R → F and ϕ is either an automorphism or an anti-automorphism
of R. Note that α([y1, y2]) = β([y1, y2]) = λϕ([y1, y2])+ µ([y1, y2]) = λ([ϕ(y1),
ϕ(y2)])+ µ([y1, y2]) and α([y1, y2]), λ([ϕ(y1), ϕ(y2)]) ∈ [R,R], so µ([y1, y2]) =
0, that is µ([R,R]) = 0. Therefore, α(x) = β(x) = λϕ(x). The proof is complete.

Our next goal is Theorem 2. We start its proof with a technical result. For any i
and j, we denote by eij the matrix unit which has one in (i, j)-position and zeros
elsewhere.
Lemma 4. Let R be the algebra of infinite matrices over a field F with finitely
many nonzero entries and let L = [R,R]. Suppose that α : L→ L be a bijective
linear map preserving commutativity. Then
[α([x, y]), α(z)] + [α([y, z]), α(x)] + [α([z, x]), α(y)] = 0 (2)
for all x, y, z ∈ L.
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Proof. Let U = {eij | i /= j} and V = {eii − ejj | i /= j}. Whenever we write eij
or eii − ejj we shall always assume that i /= j.
The Lie algebra L can be considered as a vector space over F. Since any element
of L can be expressed as a linear combination of elements of U ∪ V, it is enough to
check that (2) holds for elements of U ∪ V.
Let x, y, z ∈ U ∪ V. If [[x, y], z] = [[y, z], x] = [[z, x], y] = 0, then (2) imme-
diately follows from the definition of commutativity-preserving maps. Without loss
of generality we may assume now that [[x, y], z] /= 0 and at least one of x, y belongs
to U (if both x, y ∈ V, then [x, y] = 0), say x = eij ∈ U. Now, the following are
exactly the situations when [x, y] /= 0 with y ∈ U ∪ V :
[eij , ejk] = eik (k /= i), [eij , eki] = −ekj (k /= j),
[eij ,±(ekk − eii)] = ±eij (k /= j), [eij ,±(ejj − ekk)] = ±eij (k /= i),
[eij ,±(ejj − eii)] = ±2eij , [eij , eji] = eii − ejj .
From these identities, one can check routinely that with x ∈ U, if [[x, y], z],
[[y, z], x], and [[z, x], y] are all nonzero, then [[x, y], z] + [[y, z], x] + [[z, x], y]
(which is always 0) can be reduced to one of the forms [eik, ekj ] + [elj , eil], 2[eik,
ekj ] + [eij , eii − ejj ], [eij , eji] + [eki, eik] + [ejk, ekj ], [eik, ekj ] + [eij , eii − ekk],
and [eik, ekj ] + [eij , ekk − ejj ].
Therefore it is enough to prove that
[α(eik), α(ekj )]=[α(eil), α(elj )] where i /= j, k /= l; (3)
[α(eik), α(ekj )]=[α(eij ), α(ejj − ell)] where l /= i; (4)
[α(eik), α(ekj )]=[α(eij ), α(ell − eii)] where l /= j ; (5)
2[α(eik), α(ekj )]=[α(eij ), α(ejj − eii)]; (6)
[α(eij ), α(eji)]=[α(eik), α(eki)] + [α(ekj ), α(ejk)]. (7)
Let i /= j and k /= l. Since α is a commutativity-preserving map we have [α(eik)+
α(eil), α(ekj )− α(elj )] = 0, [α(eik), α(elj )] = 0 and [α(eil), α(ekj )] = 0, so (3) is
proved.
Let l /= i. First suppose that k /= l.We have that [α(eik)+α(eij ), α(ekj )− α(ejj −
ell)] = 0, [α(eik), α(ejj − ell)] = 0 and [α(eij ), α(ekj )] = 0, so (4) holds for k /= l.
The case k = l follows from (3).
Let l /= j. First suppose that k /= l.We have that [α(eik)+α(eij ), α(ekj )− α(ell −
eii)] = 0, [α(eik), α(ell − eii)] = 0 and [α(eij ), α(ekj )] = 0, so (5) holds for k /= l.
The case k = l follows from (3).
Adding (4) and (5) we obtain (6).
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Since α preserves commutativity we have that
[α(eij )+ α(ejk)+ α(eki), α(eik)+ α(eji)+ α(ekj )] = 0,
[α(eij ), α(eik)] = 0, [α(eij ), α(ekj )] = 0,
[α(ejk), α(eik)] = 0, [α(ejk), α(eji)] = 0,
[α(eki), α(eji)] = 0, [α(eki), α(ekj )] = 0,
so (7) holds. The proof of Lemma is thereby complete. 
In our next result we shall use the notation of maximal right ring of quotients
and Martindale extended centroid (see [8, Chapter 2] for the details) as well as the
concept of d-free subsets (see [5,6]).
Lemma 5. Let R be a prime ring with Martindale extended centroid C, L a non-
central Lie ideal, and α : L→ L a bijective linear map. Suppose that
[α([x, y]), α(z)] + [α([y, z]), α(x)] + [α([z, x]), α(y)] = 0 (8)
for all x, y, z ∈ L. If R does not satisfy the standard identity of degree 8 and C is
not of characteristic 2, then
α([x, y]) = λ[α(x), α(y)] + ν(x, y) for all x, y ∈ L,
where λ ∈ C and ν : L2 → C is a bilinear map.
Proof. By [5, Theorem 1.1] L is a 3-free subset of Qmr, the maximal right ring of
quotients of the ring R. It follows now from [6, Theorem 1.2] that
α([x, y]) = λ1α(x)α(y)+ λ2α(y)α(x)+ µ1(x)α(y)+ µ2(y)α(x)+ ν(x, y)
for all x, y ∈ L, where λ1, λ2 ∈ C, µ1, µ2 : L→ C are linear maps and ν : L2 →
C is a bilinear map.
Since α([x, y])+ α([y, x]) = 0 we get that λ1 + λ2 = 0 and µ1 + µ2 = 0 by
[6, Theorem 1.1]. Setting λ = λ1 and µ = µ1 we have
α([x, y])=λ[α(x), α(y)] + µ(x)α(y)
−µ(y)α(x)+ ν(x, y) for all x, y ∈ L.
Substituting this expression in (8) we get
2µ(x)[α(y), α(z)] + 2µ(y)[α(z), α(x)]
+2µ(z)[α(x), α(y)] = 0 for all x, y, z ∈ L.
By [6, Theorem 1.1] we have µ = 0 and the proof is complete. 
Proof of Theorem 2. By Lemma 3 we have [R,R] ⊆ L and so either L = R
or L = [R,R]. Since R ∩ F = 0, then for L = R the result follows from [10, The-
orem 2].
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It follows from Lemma 4 and Lemma 5 that
α([x, y]) = λ[α(x), α(y)] + ν(x, y) for all x, y ∈ [R,R].
where λ ∈ F and ν : L2 → F. Since R ∩ F = 0 we have ν = 0. As the ring gener-
ated by [R,R] coincides with R, the result follows from [7, Corollary 2.8]. 
3. Lie ideals of free algebras
In this section we shall present an example of a commuting map in a Lie ideal of
a free algebra which is not of the form (1).
We start with a technical result.
Lemma 6. Let C be the field of complex numbers, R = C[x, y] the free associative
algebra generated by noncommutative indeterminates x and y, and L = [R,R]. Let
f (x, y) ∈ R be such that
f (x, y) = a[x, y] + h(x, y), (9)
where 0 /= a ∈ C, and h(x, y) does not involve monomials of degree  2. Let k  n
be a natural number and g(z) = bnzn + bn−1zn−1 + · · · + bkzk + b0, where bj ∈
C. Suppose that k > 1. Then g(f (x, y)) /∈ L.
Proof. Suppose that g(f (x, y)) ∈ L. Replacing x with λ1x and y with λ2y, where
λ1 and λ2 are arbitrary complex numbers, one can show using standard Vander-
monde determinant argument that [x, y]k ∈ L. Note that [e12 + e31, e21 − e13] =
diag(2,−1,−1). For any integer k > 1 the trace of (diag(2,−1,−1))k is not zero,
so we have a contradiction with [x, y]k ∈ L. Therefore g(f (x, y)) /∈ L. 
Example 7. Let C be the field of complex numbers, R = C[x, y] the free associa-
tive algebra generated by noncommutative indeterminates x and y. Let L = [R,R],
L0 be the linear span of [x, y] and L1 be the Lie subalgebra of L which does not
involve the summand [x, y], that is L = L0 ⊕ L1. Let α0 : L0 → L0 be a bijective
linear map such that α0([x, y]) = 2[x, y] and α1 : L1 → L1 be the identity map.
Then α = α0 ⊕ α1 preserves commutativity and α is not of the form (1).
Proof. Let p = p(x, y) ∈ L and q = q(x, y) ∈ L be such elements that [p, q] = 0.
If p ∈ L1 and q ∈ L1, then by definition of α we have that [α(p), α(q)] = [p, q] =
0.
Without loss of generality we may assume that p /∈ L1. Since [p, q] = 0, then by
Bergman’s centralizer theorem [17, Theorem 6.8.5] there exists f = f (x, y) ∈ R




are polynomials in z with coefficients in C. Since p /∈ L1, we see that c1 /= 0, and
moreover f satisfies the condition (9) of Lemma 6.
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Suppose that q /∈ pC. Note that the polynomial g(z) = Q(z)− (d1/c1)P (z) can
be written as g(z) = bnzn + bn−1zn−1 + · · · + bk+1zk+1 + bkzk + b0, where bj ∈
C and k > 1. On the one hand g(f (x, y)) = q − (d1/c1)p ∈ L. On the other hand
Lemma 6 implies that g(f (x, y)) /∈ L, a contradiction.
Therefore q ∈ pC, that is q = λp for some λ ∈ C. We see that [α(p), α(λp)] = 0
and so α preserves commutativity.
Note that
[α([x, y]), α([[x2, y], [y2, x]])] + [α([x2, y]), α([[y2, x], [x, y]])]
+ [α([y2, x]), α([[x, y], [x2, y]])] =
2[[x, y], [[x2, y], [y2, x]]] + [[x2, y], [[y2, x], [x, y]]]
+ [[y2, x], [[x, y], [x2, y]]] = [[x, y], [[x2, y], [y2, x]]] /= 0,
so α is not of the form (1). The proof is complete. 
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